Abstract. Let M 2 be a complete noncompact Riemann surface with nonnegative curvature, we show that the ring of holomorphic functions with polynomial growth is finitely generated. The first proof of such result was given by Li and Tam [12]. We provide a short proof here.
Introduction
In [16] , Yau proposed the uniformization conjecture for complete noncompact Kähler manifolds with nonnegative holomorphic bisectional curvature. In his words, "the question is to demonstrate that every noncompact Kähler manifold with positive bisectional curvature is biholomorphic to the complex euclidean space. If we only assume the nonnegativity of bisectional curvature, the manifold should be biholomorphic to a complex vector bundle over a compact Hermitian symmetric space." See also [5] [15] . For this sake, it was further asked in [16] whether or not the ring of the holomorphic functions with polynomial growth is finitely generated, and whether or not the dimension of the spaces of holomorphic functions of polynomial growth is bounded from above by the dimension of the corresponding spaces of polynomials on C n . The latter question was affirmed by Ni [14] with the assumption that the manifold has maximum volume growth. By using same technique in [14] , Chen, Fu, Le and Zhu [2] removed the maximal volume growth condition. Very recently, the author [6] gave a proof under the much weaker condition that the holomorphic sectional curvature is nonnegative.
In the Riemannian case, There have been many articles on estimating the dimension of the harmonic functions of polynomial growth. For instance, Colding and Minicozzi [3] proved that for complete manifolds M m with nonnegative Ricci curvature, the dimension of harmonic functions with polynomial growth is finite. In [10] , Li produced an elegant short proof. However, the example of Donnelly [4] shows that the sharp inequality comparing with the Euclidean space is not true. The sharp upper bound is only obtained either when d = 1 or m = 1 in [11] [12] by Li and Tam. The rigidity part for d = 1 is due to Li [8] and Cheeger-ColdingMinicozzi [1] . Li and Wang [13] showed that when the sectional curvature is nonnegative and manifold has maximal volume growth, an asymptotic sharp estimate is valid. Thus there is a subtle difference between the Riemannian case and the Kähler case. One can refer to [7] [9] for nice survey of these results.
In this note we study the finite generation conjecture of Yau. The first proof of such result was given by Li and Tam [12] . We will provide an alternative proof below. Acknowledgment The author thanks his former advisor Professor Wang Jiaping for useful comments.
Definition. Let M be a complete noncompact Kähler manifold. Let O(M) denote the ring of holomorphic functions on M. For any d
≥ 0, define O d (M) = { f ∈ O(M)| lim r→∞ | f (x)| r d < ∞}.
Proof of the theorem
Proof. We may assume M is conformal to C, otherwise M is flat and the conclusion is obvious.
Lemma 1. Let f ∈ O d (M) which is not identically 0, then the number of vanishing points on M is at most d counting multiplicities.
Proof. We assume by contradiction that f vanishes at x 1 , ....x d+1 on M. Let p ∈ M by a fixed point. Define r i (x) = dist(x, x i ). We may assume dist(x i , p) ≤ 1 for each 1 ≤ i ≤ d + 1 by rescaling. For R > 2 and small ǫ > 0, consider
Proof. First observe that F ǫ (x) ≥ 0 for x ∈ ∂B(p, R). Here we have used the
Observe that if x is sufficiently close to some x i , F ǫ (x) >> 0, this is due to the vanishing order of f at x i . We have ∂∂ log | f (x)| = 0 when f (x) 0 and by Laplacian comparison, ∆ log r i ≤ 0 in the distribution sense. Therefore ∆F ǫ (x) ≤ 0 in the distribution sense. Thus the minimum cannot be assumed in the interior of B(p, R)(the minimum cannot be at the vanishing points of f , since at those points, F ǫ = +∞). . Since F ǫ (x) ≥ 0 on the boundary, the claim is proved. Now let ǫ → 0, we find that on B(p, R), 
